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Abstract With 33 million people living with human immunodeficiency virus (HIV) worldwide and 2.7 million new
infections occurring annually, additional HIV prevention
and treatment efforts are urgently needed. However, available resources for HIV control are limited and must be used
efficiently to minimize the future spread of the epidemic.
We develop a model to determine the appropriate resource
allocation between expanded HIV prevention and treatment
services. We create an epidemic model that incorporates
multiple key populations with different transmission modes,
as well as production functions that relate investment in
prevention and treatment programs to changes in transmission and treatment rates. The goal is to allocate resources to
minimize R0, the reproductive rate of infection. We first
develop a single-population model and determine the optimal resource allocation between HIV prevention and treatment. We extend the analysis to multiple independent
populations, with resource allocation among interventions
and populations. We then include the effects of HIV transmission between key populations. We apply our model to
examine HIV epidemic control in two different settings,
Uganda and Russia. As part of these applications, we develop a novel approach for estimating empirical HIV program production functions. Our study provides insights into
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the important question of resource allocation for a country’s
optimal response to its HIV epidemic and provides a practical approach for decision makers. Better decisions about
allocating limited HIV resources can improve response to
the epidemic and increase access to HIV prevention and
treatment services for millions of people worldwide.
Keywords HIV . Resource allocation . Basic reproduction
number . Epidemic control

1 Introduction
The HIV epidemic continues to be a major global health
concern, with more than 33 million people infected worldwide [1]. Despite billions of dollars devoted to HIV prevention and treatment [2], 2.7 million people acquired HIV in
2010 [3]. The number of HIV-infected persons receiving
antiretroviral therapy (ART) increased from 4 million in
2008 to 6.6 million in 2010, but almost half of eligible
individuals are still not receiving life-saving treatment [3].
Moreover, for every person starting ART, an estimated two
more become HIV-infected [4].
Many vulnerable populations lack access to proven HIV
prevention programs. In 2009, only 8 % of injection drug
users (IDUs) worldwide received drug substitution therapy
and only 4 % of HIV-infected IDUs received ART [5]. In
Eastern Europe and Central Asia, only 10 % of HIV prevention resources were provided to the highest risk populations,
including IDUs, commercial sex workers, and men who have
sex with men (MSM), despite the majority of new infections
occurring among these groups [1]. In several sub-Saharan
African countries, heterosexual contact and mother-to-child
transmission account for most new infections. The remaining
30-40 % of new cases occur among IDUs, sex workers and
clients, or MSM, but these groups collectively receive less
than 2 % of all prevention resources [1].
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To curb the epidemic, HIV prevention and treatment efforts
must be further increased. However, available funds fall short of
the estimated need [6], so efficient allocation of limited resources among HIV prevention and treatment services is crucial.
Unfortunately, there is no “one size fits all” recipe for controlling
HIV. Because the HIV epidemic varies across and within countries, the most effective allocation of resources will depend on
local epidemic characteristics, program feasibility, and available
funding [7–10].
Determining the optimal allocation of resources among
competing HIV prevention and treatment programs is complex because the epidemic grows nonlinearly, interventions
are not necessarily additive (health benefits of two interventions implemented simultaneously may not be equal to the
sum of health benefits if implemented separately), and the
relationship between resources spent and subsequent risk
reduction is typically nonlinear (twice the investment in prevention may not achieve twice the risk reduction) [11–15].
Several studies have investigated resource allocation for HIV
control, accounting for these nonlinear relationships (e.g.,
[16–19]), but such theoretical models may be difficult for
decision makers to apply in practice. Some researchers have
created numerical simulation models for HIV resource allocation (e.g., [8, 20–24]), but developing and implementing such
simulations may be impractical for decision makers [25].
We develop a model to determine the optimal allocation
of resources between HIV prevention and treatment, with
the objective of minimizing the basic reproduction number,
a measure of an epidemic’s persistence in a population [26].
Our optimization model includes a simple epidemic model
that governs the dynamics of HIV transmission (within and
between multiple risk groups), disease progression, and
death. We also empirically estimate production functions
that relate investment in prevention and treatment programs
to changes in epidemic model parameters.
We first develop a single-population model and determine the
optimal mix of prevention and treatment (Section 2). We extend
the analysis to multiple independent populations, with resource
allocation among interventions and populations (Section 3). We
then include the effects of cross-infection between populations
(Section 4). We present a novel method for estimating HIV
prevention program production functions, using a reducedform structural estimation technique parameterized with data
on past investments in prevention programs. As illustrative
examples, we apply our model to examine HIVepidemic control
in two settings, Uganda and Russia, which have different epidemics, key populations, and transmission modes (Section 5).
We conclude with discussion of our findings (Section 6).
Our study offers several contributions. Our study is the
first to link epidemiology to optimal allocation of resources
between prevention and treatment for infectious disease
control, while empirically estimating production functions
that translate monetary investments in prevention to changes

in transmission rates. Second, we systematically explore the
implications of both treatment and prevention program scale
up on the evolution of the epidemic, as quantified by the
basic reproduction number. Third, we show in our examples
for Russia and Uganda that, even with a simple estimation
technique, insights can be gained about the future trajectory
of the epidemic in specific settings.

2 Single population
2.1 SIT model
We construct a dynamic compartmental model with three
disease states, susceptible, infected, and treated (SIT), for a
single population (Fig. 1a). This model defines the epidemic’s
spread over time as individuals transition between compartments due to disease transmission, treatment, birth, or death,
and is specified by the following differential equations:
dS
S
¼ bN  bðI þ gT Þ  bS
dt
N

ð1Þ

dI
S
¼ b ðI þ gT Þ  nI  d1 I
dt
N

ð2Þ

dT
¼ nI  d2 T
dt

ð3Þ

N ¼SþI þT

ð4Þ

where S, I, and T denote the number of susceptible, infected,
and treated individuals at time t, respectively, and N denotes
the total population size at time t. For compactness we omit
the argument t. We assume that the law of mass action
applies: new infections occur at a rate proportional to the
size of the uninfected and infected compartments. The parameter β denotes the contact rate sufficient to allow transmission. We assume that both infected and treated
individuals may infect the susceptible population, but that
treatment reduces infectivity by a factor g (0 ≤ g ≤1).
Infected individuals begin treatment at rate n. Untreated
infected individuals die at rate d1 and treated individuals
die at rate d2. The non-disease-related mortality rate is b. In
general, d1 >d2 >b. We assume that new individuals enter the
susceptible compartment at rate bN.
2.2 Basic reproduction number
We compute the basic reproduction number (R0), the average number of secondary infections caused by a typical
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Fig. 1 Schematic diagrams of
models. a Single population
model. b Multiple independent
population model. c Model with
two interacting populations
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infected individual in a susceptible population [27, 28] (see
Appendix):
R0 ¼

gbn þ bd2
:
ðn þ d1 Þd2

ð5Þ

R0 has been widely used to evaluate the stability of
epidemics and the conditions under which a disease remains
endemic in a population [26]. If R0 <1, the disease-free
equilibrium is asymptotically stable and the epidemic dies
out, whereas if R0 >1, the epidemic persists. R0 has been
estimated for various diseases both from epidemiological
data and from mathematical models of epidemics [28, 29],
and has been particularly useful for modeling influenza [30,
31]. It is also useful for modeling sexually transmitted
diseases such as HIV and evaluating the potential for
disease-free equilibria [27]—a concept that is relevant to
the stated goals of international HIV control programs to
achieve “zero new HIV infections” [32] and “an AIDS-free
generation” [33].

(β iiIii+γiβiiTi)Si/Ni
+ (βjiIii+γiβjiTi)Si/Ni

(βjjIj+γjβjjTj)Sj/Nj
+ (βijIj+γjβijTj)Sj/Nj
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Ti
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νjIj
Ij
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2.3 Effect of prevention and treatment programs
We develop a framework for analyzing the impact of treatment and prevention programs on R0. An intervention aimed
at improving disease prevention would reduce β, whereas an
intervention aimed at increasing access to treatment would
increase n. The relationship between spending and the effects
of these interventions may be nonlinear. For example, the
marginal effectiveness of a prevention program may diminish
as more individuals are reached. Hence, we incorporate production functions that translate monetary investment in a
prevention or treatment program into changes in transmission
and treatment rates.
Let x1 and x2 denote the investment in prevention and
treatment, respectively. We define
β(x1) = contact rate sufficient for disease transmission if x1
is spent on prevention.
n(x2) = treatment initiation rate if x2 is spent on treatment.
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We assume these functions are differentiable. A number
of researchers have investigated production functions for
HIV prevention programs [11–14, 18, 34–37]. Kaplan [14]
estimated a production function for the New Haven Needle
Exchange Program similar to the function β(x1) shown in
Fig. 2a. The program had diminishing returns with investment, and the author estimated that there was a limit to total
risk reduction, regardless of expenditure. A linear production function for treatment (Fig. 2b) may be plausible in
many cases [20, 22, 38–43]. In Section 5, we propose a
technique that uses data from real-world settings and a
simplified (SIT) epidemic model to estimate such functions.

The basic reproduction number can now be written as a
function of expenditure on prevention and treatment:
R0 ðx1 ; x2 Þ ¼

gbðx1 Þnðx2 Þ þ b ðx1 Þd2
:
½nðx2 Þ þ d1 d2

2.4 Optimization model
To determine the optimal allocation of funds between HIV
prevention and treatment, we construct an optimization model
to minimize R0(x1, x2), subject to an available budget C:
minimize R0 ðx1 ; x2 Þ
subject to x1 þ x2  C
x1 ; x2  0

a

ð6Þ

ð7Þ

We now establish properties of the optimal solution. All
proofs are in the Appendix. We impose the following two
assumptions:
Assumption 1: β(x1) is monotonically decreasing.
Assumption 2: n(x2) is monotonically increasing and g < dd21 .
If either assumption holds, then the optimal investment

will utilize the entire budget, C. This means that if
additional investment in prevention (Assumption 1) or treatment (Assumption 2) reduces the net infectivity of the population, then the optimal allocation should scale up prevention
or treatment, as expected. The condition that β(x1) is monotonically decreasing implies that additional investment in
prevention reduces overall transmission in the population. A
monotonically increasing function n(x2) means that increased
spending on treatment leads to an increase in the treatment
initiation rate. The condition g <d2/d1 implies that the advantages of treatment outweigh the disadvantages, in terms of
total population infectivity. If d1 >d2, then treatment reduces
mortality and increases life expectancy. However, treated
individuals are also less infectious by a factor of g. If
infectivity is sufficiently reduced to offset the increased
life expectancy (g <d2/d1) and n(x2) is monotonically increasing then it is optimal to utilize the entire budget.


Expanded HIV prevention

b

x*1 ; x*2

Proposition 1 If β(x1) is decreasing and convex and n(x2) is
increasing and linear, then R0 (x1, x2) is quasi-convex.
Proposition 2 If ðx1 ; x2 Þ satisfies the Karush-Kuhn-Tucker
conditions (A2)-(A8) and if rR0 ðx1 ; x2 Þ ¼
6 0, then the conditions are sufficient for optimality and ðx1 ; x2 Þ is a global
minimum.
Expanded HIV treatment
Fig. 2 Illustrative production functions for expanded HIV prevention
(a) and treatment (b)

Propositions 1 and 2 provide necessary and sufficient
conditions for optimality. We now characterize the conditions under which it is optimal to invest in prevention or
treatment alone, or a combination of the two. For the
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remainder of the paper, we assume β(x1) is decreasing and
convex and n(x2) is increasing and linear.
2.5 Optimal resource allocation
Proposition 3 It is optimal to invest only in prevention or
treatment under the following conditions:


Case 1: Investing only in prevention x*1 ¼ C; x*2 ¼ 0 is
optimal if g > dd21 , or if g < dd21 and
bðCÞ dxd2 nð0Þ½gd1  d2 
d
bðCÞ <
dx1
½nð0Þ þ d1 ½gnð0Þ þ d2 :

Case 2: Investing only in treatment
optimal if g < dd21 and



x*1 ¼ 0; x*2 ¼ C



is

bð0Þ dxd2 nðCÞ½gd1  d2 
d
bð0Þ >
dx1
½nðCÞ þ d1 ½gnðCÞ þ d2 :
Since R0 is quasiconvex, these conditions are necessary and
sufficient for optimality. If g >d2/d1 (Case 1), the reduction in
infectivity due to treatment does not offset the additional
infections occurring from the increased life expectancy, and
investing only in prevention is optimal. If g <d2/d1 (Case 2),
then it may be optimal to invest in treatment. In this case, if
investing more funds in treatment leads to a greater reduction
in R0 than investing solely in prevention, then it is optimal to
invest in treatment only. Note that minimizing R0 accounts for
new HIV infections but ignores the benefits of increased life
expectancy and improved quality of life for infected individuals receiving treatment. In sensitivity analysis we consider
the objective of maximizing quality-adjusted life years
(QALYs) gained.
Proposition 4 It is optimal to invest in both prevention and


treatment x*1 ¼ x* ; x*2 ¼ C  x* under the following condition:


d
bðxÞ
dx

¼
x¼x*


nðxÞ

bðxÞjx¼x* dxd
½gd1  d2 
x¼Cx*
*
½n ðC  x Þ þ d1 ½gnðC  x* Þ þ d2 :

Table 1 Optimal allocation
strategies and associated
conditions



Corollary 1 Let n(x2)=kx2. If dxd1 bð0Þ < bð0Þ C þ dk1 ,
then it is optimal to invest some amount in prevention
 *

x1 > 0; x*2  0 .
Corollary 1 defines the condition where the marginal gain
from increasing investment in prevention above zero is greater
than the marginal loss from decreasing investment in treatment.


Corollary 2 Let n(x2)=kx2 and dxd1 bð0Þ < 1 C þ dk1 .
Suppose g = 0 and suppose the optimal investment is
 *

g > 0, then the optimal
x1 > 0; x*2  0 . For all values of b
 *

investment is bx1  x*1 ; bx*2  x*2 .
Corollary 2 says that if investment in prevention is part of
the optimal intervention package even when treatment
completely eliminates infectivity (g =0), then prevention
will be part of the optimal solution for settings when treatment is less effective ðb
g > 0Þ.
Table 1 shows the optimal allocation strategies and derived
analytical conditions for optimality. It is straightforward to
develop examples using reasonable parameter values and
varying production functions in which it is optimal to allocate
all of the budget to prevention, or to treatment, or to a combination of the two. Examples are shown in Fig. 3 (details in
Appendix).
We have assumed a fixed budget, C. As the available
budget increases, the investment decision will change
with the production functions β(x1) and n(x2), and the
value of g. Thus, it is important to use a framework
that incorporates production functions and their impact
on R0. With an increasing or decreasing budget, and
similar assumptions for β(x1) and n(x2), it is straightforward to show that all the available funds will be spent
and to derive similar conditions for the new optimal
investment by comparing the marginal return per dollar
invested for each program.

3 Multiple non-interacting populations
We extend our analysis to the case of n non-interacting
populations (n ≥ 2) (Fig. 1b). Analogous to the single-

Allocation strategy

Optimal allocation

All prevention

 *

x1 ¼ C; x*2 ¼ 0

All treatment
Some prevention

 *

x1 ¼ 0; x*2 ¼ C
 *

x1 > 0; x*2  0

Conditions
d

nð0Þ½gd1 d 2 

dx2
g > dd12 ; or g < dd 21 and dxd1 bðCÞ < ½nð0Þþd
1 ½gnð0Þþd2 

g < dd21 and
d
dx1

d

d
dx1

bð0Þ < 

nðCÞ½gd 1 d 2 

dx2
bð0Þ > ½nðCÞþd
1 ½gnðCÞþd 2 

1
d
Cþ k1

if nðx2 Þ ¼ kx2
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a

b

γ =0.6, β(x1)=exp(-x1) and ν(x2)=C-x1

γ =0.1, β(x1)=exp(-x1) and ν(x2)=C-x1

d

c

γ =0, β(x1)=1-x1/2 and ν(x2)=C-x1

γ =0.6, β(x1)=exp(-x1) and ν(x2)=√(C-x1)

Fig. 3 Single-population model: R0(x1,C - x1) for various production function choices, assuming a budget C=1

population case, for each population i=1,…, n we have the
following system of differential equations:
dSi
¼ bi Ni  ðbi Ii þ g i bi Ti ÞSi =Ni  bi Si
dt

scale by weights αi in our objective function to reflect
decision maker priorities [28]:

ð8Þ
R0 ¼

n
X

ai R0i ¼

i¼1

dIi
¼ ðb i Ii þ g i b i Ti ÞSi =Ni  n i Ii  di1 Ii
dt

ð9Þ

dTi
¼ ni Ii  di2 Ti
dt

ð10Þ

Ni ¼ Si þ Ii þ Ti

ð11Þ

The basic reproduction number R0 for this model is the
sum of R0 for each group i, which we denote by R0i, and

n
X
i¼1

ai

g i bi n i þ b i di2
:
ðni þ di1 Þdi2

ð12Þ

The constants αi could reflect considerations such as
population size, HIV incidence or prevalence levels, equity
preferences, etc.
Analogous to the single-population case, R0i is a
function of prevention and treatment investments in
population i:
R0i ðxi1 ; xi2 Þ ¼

g i b i ðxi1 Þn i ðxi2 Þ þ bi ðxi1 Þdi2
:
½n i ðxi2 Þ þ di1 di2

ð13Þ
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The optimization problem is now:
minimize R0 ¼
subject to

n
P

n
P

4 Two interacting populations

ai R0i ðxi1 ; xi2 Þ

i¼1

xi1 þ xi2  C

ð14Þ

i¼1

xi1 ; xi2  0; i ¼ 1; . . . ; n
This is equivalent to finding the optimal allocation
(C1, C2,…, Cn) among the populations, where each Ci
is a decision variable, and the optimal investment in
treatment for each population (x i2 = x i ), with the
remaining budget for each group (Ci − xi) invested in
prevention:
minimize
subject to

n
P
i¼1
n
P

ai R0i ðCi ; xi Þ
Ci  C;

ð15Þ

i¼1

Ci  xi ; xi  0; i ¼ 1; . . . ; n

We now consider the case of two interacting populations i
and j, where cross-infections can occur due to interactions
between susceptible individuals in one population and
infected individuals (treated or untreated) in the other
population. This occurs in many real-world settings, where
risk groups with different behaviors can transmit HIV
among themselves and to other risk groups. A typical
example is an epidemic driven by injection drug use. A
small group of IDUs (comprising perhaps 1 % of the
population) has very high HIV prevalence driven by needle sharing, but they can also transmit HIV to non-IDUs
via sexual contact (e.g., [1, 20, 40]).
We use the same notation as before but now βij denotes the
contact rate between an infected individual in population i and
a susceptible individual in population j; we analogously define
βii, βjj, and βji. The model (Fig. 1c) is represented by the
following equations:
dSi
dt

For simplicity, we omit the subscript for investment in
treatment (x i2 = x i ). We now develop results for two
populations, denoted as populations i and j.



 
¼ bi Ni  ðb ii Ii þ g i b ii Ti ÞSi Ni  b ji Ij þ g j b ji Tj Si Nj  bi Si

ð16Þ

dIi
dt



 
¼ ðb ii Ii þ g i b ii Ti ÞSi Ni þ b ji Ij þ g j b ji Tj Si Nj  n i Ii  di1 Ii

ð17Þ

Proposition 5 Suppose at least one of the following conditions holds:
Condition 1: Either βi(Ci −xi) or βj(Cj −xj) is monotonically
decreasing.
Condition 2: n i(xi) is monotonically increasing andg i < didi21 , or

dTi
¼ ni Ii  di2 Ti
dt

ð18Þ

Ni ¼ Si þ Ii þ Ti

ð19Þ

d

n j(xj) is monotonically increasing and g j < dj2j1 .

Then the optimal investment (Ci −xi, xi, Cj −xj, xj) will utilize
the entire budget, C.
The proof of Proposition 5 shows that, under the given
conditions, additional investment always reduces R0, which
means that increasing the budget available for epidemic
control is worthwhile. Condition 1 implies that the transmission rate in either population i or j is decreasing as
investment in prevention increases. Condition 2 implies
that additional investment in treatment for population i or
j increases the treatment entry rate, and that the reduction
in infectivity outweighs the gain in life expectancy
among those treated.
It is straightforward to show that for a given budget split
(Ci, Cj), the optimal value of R0 is obtained by optimizing
R0i and R0j within the respective budget allocation. This
finding is intuitive: the number of new infections occurring
in each population are additive, and we are optimizing the
use of funds within each population that receives any
investment.

dSj
dt


 

 
¼ bj Nj  b jj Ij þ g j b jj Tj Sj Nj  b ij Ii þ g i b ij Ti Sj Ni  bj Sj

ð20Þ

dIj
dt


 

 
¼ b jj Ij þ g j b jj Tj Sj Nj þ b ij Ii þ g i b ij Ti Sj Ni  n j Ij  dj1 Ij

ð21Þ
dTj
¼ nj Ij  dj2 Tj
dt

ð22Þ

Nj ¼ Sj þ Ij þ Tj

ð23Þ

The relative size of the two populations r = Ni/Nj
directly influences the epidemic’s evolution. We compute R0 for this system, which has not been previously
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solved. In general, R0 is the dominant eigenvalue of the
linearized system of Eqs. (16)–(23) about the diseasefree equilibrium (i.e., where Si =Ni, for all i) [28]. To
compute R0, we use the next generation operator method. We compute the next generation matrix as follows
(see Appendix for calculations):
2
FV

1

b ii ðdi2 þg i ni Þ
di2 ðn i þdi1 Þ

6
6
0
¼6
6 bjj ðdi2 þg j ni Þ
4 di2 ðni þdi1 Þ
0

g i b ii
di2

0

b ji rðdj2 þg j n j Þ
dj2 ðnj þdj1 Þ

0

g j b jj
di2

b ij ðdj2 þg i n j Þ

0

0

dj2 rðnj þdj1 Þ

rg j b ji
dj2

3

7
0 7
7
b ij g i 7
5
rdj2

investment in condoms for population i may reduce HIV
transmission from infected persons in population i to susceptible persons in population j (βij), as well as transmission
from infected persons in population j to susceptible persons
in population i (βji).
Substituting the production functions into R0 to obtain
the term R0 (xi1, xi2, xj1, xj2), the resource allocation problem
can be written as:


minimize R0 xi1 ; xi2 ; xj1 ; xj2
subject to xi1 þ xi2 þ xj1 þ xj2  C
xi1 ; xi2 ; xj1 ; xj2  0

ð24Þ

0

The (k,l) entry of the next generation matrix gives
the expected number of new infections caused in compartment k by an infected individual in compartment l.
R0 is the spectral radius of this matrix and is given by
the following formula:
b ðdj2 þg n j Þ
i ni Þ
R0 ¼ b2dii ði2dði2nþg
þ 2dij r n þdi
i þdi1 Þ
j2 ð j
j1 Þ
0
11=2
2
b ij ðdj2 þg i nj Þ
b ii b ij ðdi2 þg i n i Þðdj2 þg i nj Þ
b ii ðdi2 þg i n i Þ
B 2di2 ðni þdi1 Þ þ 2dj2 rðnj þdj1 Þ  di2 dj2 rðni þdi1 Þðnj þdj1 Þ C
C
þB
@
A
b jj b ji r2 ðdi2 þg j n i Þðdj2 þg j nj Þ
þ d d rðn þd Þ n þd
i2 j2
i
i1 ð j
j1 Þ

ð25Þ
We again develop an optimization model to investigate
the effects of prevention and treatment programs on epidemic outcomes. Analogous to the independent populations
case, we assume that investment in prevention modifies
βii, βij, βjj, and βji, and investment in treatment modifies n i
and nj . As before, we assume that xi1 and xi2 are the
expenditures on prevention and treatment, respectively, in
population i, with xj1 and xj2 defined analogously. We define
production functions for prevention, βii(xi1), βij(xi1, xj1),
βjj(xj1), βji(xi1, xj1), and treatment, n i(xi2) and n j(xj2). Here
we allow the cross-infection contact rates, βij and βji, to
depend on spending in both populations. For example,

ð26Þ

The expression R0 (xi1, xi2, xj1, xj2) is complex because of
the nonlinearity of Eqs. (16)–(23). However, the optimal
investment can be numerically calculated by solving the
above optimization problem.

5 Model application: Uganda and Russia
We apply our resource allocation model using data for
Uganda and Russia, countries with markedly different HIV
epidemic characteristics. We estimate base values for the
epidemic model parameters (Table 2) based on available
epidemiological data. For each country, we estimate production functions based on available data and the type of
epidemic. We illustrate how a simple estimation approach,
combined with our nonlinear optimization model, can provide insights into the potential trade-offs between prevention and treatment in a given setting.
5.1 Uganda: a generalized epidemic
Uganda is often considered an HIV prevention success
story. Adult HIV prevalence peaked at 15 % in 1990, and
then declined throughout the 1990s and early 2000s due
mostly to a national prevention campaign that involved

Table 2 Base case parameter values for epidemic models used in Uganda and Russia examples
Country

Compartment

Initial population size

Entry rate

Exit rate

Infectivity multiplier

Uganda

Susceptible (S)
Infected (I)
Treated (T)
Susceptible IDU (S1)
Infected IDU (I1)
Treated IDU (T1)
Susceptible non-IDU (S2)
Infected non-IDU (I2)
Treated non-IDU (T2)

7,895,000
1,285,000
0
1,248,600
165,400
0
77,129,000
7,400
0

0.05 (b)
0
0
0.04 (b1)
0
0
0.05 (b2)
0
0

0.05 (b)
0.15 (d1)
0.10 (d2)
0.04 (b1)
0.18 (d11)
0.13 (d12)
0.05 (b2)
0.15 (d12)
0.10 (d22)

0
1
0.1 (γ)
0
1
0.5 (γ1)
0
1
0.1 (γ2)

Russia
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extensive condom promotion [44]. In 2010, adult HIV prevalence was 6.5 %, indicating the presence of a generalized
epidemic. An estimated 248,000 people received ART in
2010, amounting to 47 % of those in need [1]. With approximately 1.2 million people living with HIV and 100,000 new
infections in 2010 out of an adult population of 17 million,
additional prevention efforts are still needed [1]. A key
public health question in Uganda is whether to allocate
limited resources to additional prevention programs, invest
in scaling up ART programs, or invest in both.
We assume that HIV prevention consists of condom
promotion and associated counseling. We numerically estimate an exponentially decreasing production function for
this program based on historic HIV epidemic data from
Uganda. We assume a linear production function for treatment based on current ART costs. Using the singlepopulation model and estimated production functions, we
evaluate alternative prevention and treatment scale-up strategies for future years.

distributed. Importantly, we assume that no other prevention
or treatment interventions are present during this time period,
which is a reasonable assumption for Uganda. During the
1990s, public health officials focused predominantly on condom promotion, and virtually no individuals received ART.
Settings where only one prevention program is in place are
particularly well suited to our estimation technique. If more
than one program is present, then additional observed HIV
prevalence or incidence estimates are needed, as we discuss in
the Russia example below.
We instantiate Eqs. (1)–(4) with the following parameters
for Uganda in 1991: S(0)=7,895,000; I(0)=1,285,000; T(0)
=0; n =0; g =0.10; b=0.05; d1 =0.15; d2 =0.10. We estimated
these parameter values based on available country statistics,
country reports and published literature [1, 24, 44–46]. We
numerically solve the system of equations and calculate
projected HIV prevalence over time:
Model prevalenceðtÞ ¼

IðtÞ þ T ðtÞ
SðtÞ þ IðtÞ þ T ðtÞ

ð28Þ

5.1.1 Production function estimates
We estimate Uganda’s HIV prevention production function
based on data for the number of condoms distributed and
observed HIV prevalence levels from 1991 to 2000
(Table 3) [45]. We assume that the production function has
the following reduced form (where x is a log-transform of
the number of condoms distributed):
bðxÞ ¼ θe1x

To parametrize the production function, we perform a
least-squares minimization using the following objective
function:
Min

X

ðObserved prevalenceðtÞ  Model prevalenceðtÞÞ2

t

ð29Þ

ð27Þ

We estimate the parameters θ and l by applying the production function, β(x), to our single-population SIT model and
performing a least-squares minimization on observed and
model-projected HIV prevalence. This is a novel method for
estimating production functions in epidemiology. The term
β(x) varies from year to year, based on the number of condoms

Table 3 Condoms distributed and HIV prevalence in Uganda, 1991–
2000
Year

Condoms distributed

Observed HIV prevalence

1991
1992
1993
1994
1995
1996
1997
1998
1999
2000

0.5
1.5
2.0
4.0
6.5
10.0
16.0
18.5
16.0
23.0

14.0
14.5
14.0
13.0
12.0
11.0
10.2
9.5
8.5
7.5

million
million
million
million
million
million
million
million
million
million

%
%
%
%
%
%
%
%
%
%

We estimate the following production function for condoms distributed in Uganda, as shown in Fig. 4a:
bðxÞ ¼ 6:412e0:590x

ð30Þ

The coefficient of determination with this parametrization is 0.99. With this function, our model’s projected HIV
prevalence fits well with the observed decline in prevalence
during the 1990s (Fig. 4b). We assume that the program
costs $0.10 per condom [47, 48]. We assume a linear production function for treatment with a marginal annual cost
of $500 per person [49].
5.1.2 Evaluation of alternative scale-up scenarios
We estimate that approximately 30 million condoms are used
annually in Uganda, and that 248,000 people out of an estimated 530,000 with advanced HIV infection received ART in
2010. We compute R0 (x1, x2) for our single-population
SIT model (Eq. (6)), where x1 and x2 denote the investments in condoms and treatment, respectively. Under the
status quo (x1 =0.10*30,000,000; x2 =500*248,000), total
program costs per year amount to $128 million, and R0 =
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Fig. 4 Estimated production function and HIV prevalence in Uganda,
1991–2000. a Estimated condom program production function β(x1). b
Actual and model-projected HIV prevalence

0.45, suggesting that the HIV epidemic in Uganda will
decline in the long term (Table 4), but additional prevention efforts may be needed in the short term. In our
analysis, we assume that resources cannot be transferred
from the existing treatment program to condom distribution
because it is unethical to cease treatment once it has been
started.

As the budget increases from current levels, R0 is minimized by allocating additional resources only to prevention
(i.e., condom distribution). For example, if 100 million
condoms are used annually, R0 =0.33, assuming constant
treatment levels, for an additional cost of $7 million per
year. Alternatively, a similar investment in scaling up treatment would provide ART to an additional 14,000 people per
year, resulting in a value of R0 =0.42. To achieve an R0 =
0.33 using expanded treatment only, an additional 70,000
HIV-infected people must initiate ART at a cost of $35
million per year. In general, we find that investment in
condom programs is preferred up to a value of 175 million
condoms, beyond which the diminishing benefits of providing additional condoms suggest that treatment should then
be prioritized. We also find that a combination strategy of
expanded prevention and treatment can reduce R0 to 0.17.
Using the estimated production functions and starting
with 2010 demographic data, we also calculate new HIV
infections until 2020 under various strategies assuming initial HIV prevalence of 6.5 % [1]. As shown in Table 4, the
relative ranking of the strategies in terms of R0 or HIV cases
prevented is identical.
We use a nonlinear HIV prevention production function, which is a more conservative assumption than
using a linear function. Despite this, we find that spending a modest amount of additional resources on increased condom distribution is a valuable investment.
For all budgets considered, scaling up condoms to 175
million per year should be the priority investment if the
objective is to reduce new infections. If resources permit, increasing treatment could also reduce the epidemic
as well as morbidity and mortality among HIV-infected
persons—health benefits not captured in this optimization framework. In sensitivity analysis (Section 5.3) we
consider the alternative objective function of maximizing QALYs.
5.2 Russia: a concentrated epidemic
Russia is experiencing one of the fastest growing HIV
epidemics in the world [1]. The first HIV outbreaks occurred
in the late 1990s among IDUs, then spread rapidly via

Table 4 Uganda—costs and epidemic outcomes under alternative scale-up scenarios
Strategy

Condoms per year

People on treatment

Program costs per year

R0

Status quo
Condom increase
Modest treatment increase
Broad treatment increase
Condom and treatment increase

30 million
100 million
30 million
30 million
100 million

248,000
248,000
300,000
530,000
530,000

$128
$135
$143
$268
$275

0.45
0.33
0.39
0.23
0.17

The estimated number of people in need of ART in Uganda in 2010 was 530,000 [1]

M
M
M
M
M

Reduced HIV cases 2011–2020
–
31.5
17.0
59.1
71.1

%
%
%
%
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unsafe injection practices and needle sharing [50–52].
Russia currently has a concentrated epidemic [53], with
most new HIV infections attributed to IDU-related transmission [54]. HIV prevalence among IDUs varies by region
from 8 % to 64 %, with a mean of 37 % [55–57]. However,
the increasing proportion of new infections (20–30 %) due
to heterosexual transmission raises concerns about the risk
of a generalized epidemic [57, 58]. HIV prevalence in adults
is approximately 1.1 %, with more than 1 million individuals living with HIV [4, 58, 59].
Russia has recently scaled up its treatment and prevention efforts. In 2009 more than 71,000 individuals
received ART, and 95 % of HIV-infected pregnant
women were reached by programs to prevent motherto-child transmission [4]. However, access to treatment
remains low: only 15 % of eligible individuals received
ART in 2007 [60], and more than 400,000 individuals
will need treatment by 2015. Prevention efforts have
lagged behind treatment: for every individual enrolled
in ART, two more become newly HIV-infected [4].
Moreover, only 7 % of IDUs have access to harm
reduction programs such as needle exchanges, well below the 60 % recommended by UNAIDS [61], and
fewer than 1 % of IDUs receive ART [62].
Because the epidemic in Russia is concentrated
among IDUs, we apply our model of two interacting
populations (IDUs and non-IDUs). We assume that HIV
prevention consists of harm reduction programs for
IDUs and programs of education, awareness, and safe
sex promotion for non-IDUs. Similar to our analysis for
Uganda, we estimate exponentially decreasing prevention production functions based on historic HIV epidemic data, and assume linear ART production functions
based on current costs. We use our epidemic model
and the estimated production functions to compare alternative prevention and treatment scale-up strategies
starting in 2007 and projected to 2020, considering
scale up of prevention for IDUs and of treatment for
both IDUs and non-IDUs.

Table 5 Prevention efforts and
HIV prevalence in Russia,
1999–2006

Russia had an estimated 2
million drug users in 2005 and
1.75 million pregnant women
in 2007 [57]

5.2.1 Production function estimates
We estimate the production functions based on the number
of harm reduction programs for IDUs in Russia, the number
of HIV tests administered to pregnant women (as a proxy for
prevention among non-IDUs), and estimated HIV prevalence (Table 5) [54, 57, 59, 60].
We assume that the production functions have the following forms (where x and y are log-transforms of the
number of harm reduction programs and the number of
administered HIV tests, respectively):
b 11 ðxÞ ¼ θ11 e111 x

ð31Þ

b 22 ðyÞ ¼ θ22 e122 y

ð32Þ

b 12 ðxÞ ¼ θ12 e112 x

ð33Þ

b 21 ðyÞ ¼ θ21 e121 y

ð34Þ

We denote by the index 1 parameters for IDUs, and by
index 2 parameters for the general population. For simplicity, we assume that the sufficient contact rates for infections
caused by IDUs (β11(x) and β12(x)) depend solely on prevention efforts targeted to IDUs, and similarly β22(y) and
β21(y) depend solely on prevention programs targeted to the
general population.
We again estimate the parameters by performing a leastsquares minimization on the observed and model-projected
HIV prevalence for the two risk groups. We instantiate the
model with 1999 data from Russia: S1(0)=1,248,600; I1(0)=
165,400; T1(0)=0; S2(0)=77,129,000; I2(0)=7,400; T2(0)=
0; g 1(0)=0.50; g 2(0)=0.10; b1 =0.04; b2 =0.05; d11 =0.18;
d12 =0.13; d21 =0.15; d22 =0.10. We estimated these parameter values based on available country statistics, country
reports and published literature [1, 51, 52, 54–58, 60, 63,
64]. Consistent with other analyses, we assume that

Year

Harm reduction
programs

HIV tests for
pregnant women

Estimated HIV prevalence
in IDUs

Estimated HIV prevalence
in non-IDUs

1999
2000
2001
2002

24
38
44
66

2.6
2.7
2.7
3.0

million
million
million
million

11.7
17.3
19.3
23.0

%
%
%
%

0.010
0.014
0.155
0.291

%
%
%
%

2003
2004
2005
2006

74
55
46
63

3.3
3.6
3.9
4.1

million
million
million
million

27.0
32.0
33.0
34.0

%
%
%
%

0.422
0.483
0.566
0.599

%
%
%
%

S.S. Alistar et al.

treatment has a greater effect on transmission via sexual
contacts than on transmission via needle sharing, since the
latter is a more efficient mode of HIV transmission [20,
40]. We set n 1 =n 2 =0 initially but adjust this parameter in
later years to reflect the initiation of ART scale up in
2003.
We estimate the following prevention program production functions for Russia:
b 11 ðxÞ ¼ 2:726e0:489x

ð35Þ

0.93. For the ART production function, we estimate a
marginal cost per person of $6,500 based on reported
data [57]. We assume a conservative cost per prevention
program for IDUs of $100,000 [61]. This reflects the
cost of providing one additional prevention center,
which we assume will be able to reduce the rate of
transmission according to the production function above.
Fractional values may represent centers operating at less
than full capacity.
5.2.2 Evaluation of alternative scale-up scenarios

b 22 ðyÞ ¼ 10:94e0:323y

ð36Þ

b 12 ðxÞ ¼ 0:059e0:623x

ð37Þ

b 21 ðyÞ ¼ 6:907e0:573y

ð38Þ

Figure 5a shows as an example β11(x). Using these functions, our model’s predicted HIV prevalence matches well
the reported estimates for IDUs and non-IDUs (Fig. 5b).
The coefficient of determination for both populations is

In 2006, Russia’s total HIV prevention budget was $62 million, and the HIV treatment budget was $97 million [57]. We
estimated a 2007 status quo budget of $62 million for prevention and $173 million for treatment. We analyze alternative
resource allocations to minimize R0, assuming as before that
existing programs would not be terminated (Table 6). Under
the status quo, R0 =2.08>1, suggesting the epidemic will
continue to grow. Implementing a 10 % increase in harm
reduction programs for IDUs and scaling up to 30,000 people
on treatment, we find that R0 = 1.94 and new cases are
reduced by 9 %. However, the optimal allocation of this
$267 million budget is to invest all additional funds in

a

b
(i)

(ii)

IDU HIV prevalence

Non-IDU HIV prevalence

Fig. 5 Estimated production function and HIV prevalence in Russia, 1999–2006. a Estimated production function β11(x). b Actual and modelprojected HIV prevalence in IDUs (i) and non-IDUs (ii)
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Table 6 Russia—costs and epidemic outcomes under alternative scale-up scenarios of prevention for IDUs and treatment for IDUs and non-IDUs
Strategy

IDU prevention
funding increase

People on
treatment

Prevention costs
per year

Treatment costs
per year

R0

Status quo
Increase prevention and treatment
Optimal allocation
Reduce R0 below 1 (minimum budget)

0%
10 %
506 %
306 %

26,600
30,000
26,600
26,600

$62 M
$72 M
$94 M
$81.5 M

$173
$195
$173
$173

2.08
1.94
0.82
1.00

M
M
M
M

Reduced HIV cases
2007–2020
–
9%
66 %
58 %

The estimated number of people in need of ART in Russia in 2007 was 190,000 [60]

prevention for IDUs, thus reducing R0 to 0.82 and new HIV
cases by 66 %—a significant improvement over the planned
allocation. The smallest total budget that would reduce R0
below 1 is $254.5 million, with all of the incremental funds
allocated to prevention for IDUs, reflecting their key role in
the HIV epidemic in Russia. Once again, the relative ranking
of strategies by R0 or HIV cases averted is identical. If the total
available budget is four times greater than we assumed
($1,100 M versus $267 M), then treating IDUs becomes part
of the optimal solution.
Our analyses highlight the need to scale up prevention
efforts targeted to IDUs to curb the HIV epidemic in Russia.
Efforts directed solely to the non-IDU population have only
a small impact on R0 and HIV incidence. A comprehensive
strategy that includes treatment scale up and increased IDUtargeted HIV prevention is the most efficient and effective
option for controlling the HIV epidemic. These observations
are independent of the absolute budget sizes, and reflect the
relative effectiveness of each program at reducing new
infections.

adjustments for each health state: susceptible (1.0 for nonIDUs, 0.9 for IDUs), infected (0.8 for non-IDUs, 0.7 for
IDUs), and treated (0.9 for non-IDUs, 0.8 for IDUs); due to
the health consequences of drug use, IDUs have a lower
quality of life than non-IDUs, and HIV treatment improves
quality of life [42, 43, 65]. We also assign a terminal value at
the end of the modeled time horizon to account for individuals who are still alive based on remaining life expectancy
in each country and quality adjustment by state. We compute the total number of QALYs accumulated in the population by summing up the QALYs for each population group
over the considered time horizon. We solve the model to
maximize QALYs, and find that the optimal resource allocation for both Uganda and Russia is still to invest all
additional funds in prevention programs. This occurs because with the current state of the epidemic in each country,
preventing a new infection now offers a greater gain in
QALYs than treating the infected individual later.

6 Discussion
5.3 Sensitivity analysis
We now consider variations in key parameter values and
modeling assumptions and compare their impact on resource allocation decisions for both Uganda and Russia.
Treatment costs have declined over time. If the cost of
ART in Uganda falls below $400 per person (versus $500 in
the base case), then scaling up ART (above the base case
level) becomes part of the optimal solution. In Russia, if
ART costs less than $1,350 per person (versus $6,500 in the
base case), then scaling up ART becomes part of the optimal
solution.
The extent to which ART reduces infectivity via needle
sharing is uncertain. In our base case analysis for Russia, we
assume g 1 =0.50. When we vary g 1 between 0 (no transmission occurs if on treatment) and 0.90, we find that the
optimal allocation is still to invest all incremental funds in
harm reduction programs for IDUs.
Finally, because R0 does not capture all the benefits of
treatment, in sensitivity analysis we consider the alternative
objective of maximizing QALYs gained. We assign quality

This paper addresses a key public health question: what is
the optimal investment in HIV prevention and treatment to
maximize epidemic control? We have presented a mathematical method for determining optimal resource allocations, using the epidemiological parameter R 0 as an
optimization criterion. The link between estimating epidemiological parameters, such as the reduction in disease
transmission per marginal dollar spent, and optimal resource
allocation has been insufficiently explored to date. We offer
a straightforward approach for estimating HIV prevention
“production functions” based on past program data.
Application to two different epidemic settings suggests that
our approach can provide qualitative insights into
population-level effects of prevention and treatment on the
HIV epidemic and the appropriate balance between them.
Our study illustrates a novel modeling approach and
could be extended to include a more detailed epidemic
structure. By deriving formulae for the basic reproduction
number as a function of investment in prevention and treatment, we can determine necessary and sufficient conditions
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for optimal investment in HIV prevention and treatment.
Our model structure can be adapted to include key
populations in a particular region, so the response can be
tailored to the local epidemic. Additionally, our model for
multiple interacting populations incorporates the transmission externality that one group imposes on the overall population, allowing for comparison of allocations across
interventions and populations.
Using available data to estimate the marginal reduction in
disease transmission as prevention or treatment investment
increases (i.e., a production function) is essential for assessing
the true impact of any public health intervention. The effectiveness of HIV prevention programs such as condom distribution or needle exchange often declines as a program is
scaled up. Using illustrative production functions with identical budget constraints, we have shown that changes in the
production function’s shape can lead to different conclusions
about the optimal allocation of resources among competing
programs. In practice, the shape of the production functions
can be determined from available data on program scale up
(e.g., [11, 12, 35]) or mathematically from a few available data
points (e.g., [14, 34]), but limited work has been done to nonparametrically estimate HIV production functions. A recent
study employs linear production functions and a multiplepopulation SI model to optimize the use of HIV prevention
resources in the U.S., but does not consider treatment and does
not empirically estimate the parameterization for the production functions [66]. Estimating production functions requires
time-series data, which may be unavailable in some settings.
We assume a linear shape for the production function for
treatment programs as this enables us to obtain analytical
results. With non-linear treatment production functions, the
function R0(x1,x2) is no longer quasi-convex. For our numerical examples, even with linear returns to scale for treatment,
prevention is favored; a convex treatment production function,
as implied by increasing marginal costs,would only favor
prevention more. Further work is needed to collect and evaluate data on the costs and effectiveness of HIV prevention and
treatment programs at different levels of implementation.
We make several simplifying assumptions to maintain
tractability. We assume that treatment and prevention are
independent, since in practice they are often implemented by
different entities. However, treatment programs could lead to
behavior change among those treated, and there may be economies of scope from implementing both types of programs in
parallel. Our analysis could be extended to incorporate
these effects by using production functions of the form
β(x1,x2). We use a simplified model of HIV, which ignores
drug resistance, co-infection with other diseases, and complexities of sexual partnerships such as serial monogamy
or concurrency. Our multiple interacting populations model
could be adapted to reflect features such as male–female
transmission asymmetry, or to include more disease stages

to reflect changing infectivity over the course of HIV
disease. We chose to keep the number of compartments
small to gain analytical tractability and consequent insight;
a more detailed model could be solved numerically.
Our optimization model minimizes the basic reproduction number, R0, a theoretical epidemiologic concept most
relevant in the early stages of an epidemic when a population is mostly susceptible. In many settings, HIV prevalence
exceeds 10 % of the general population, and R0 fails to fully
capture these initial conditions. In our context, however, R0
may be useful for showing the conditions under which the
HIV epidemic can theoretically be eradicated, an important
public health question. Minimizing R0, similar to minimizing new HIV infections, reflects the full benefits of prevention and some of the benefits of treatment, but other
objective functions such as maximizing life years or
QALYs gained may be valid. Using R0 as an objective
function allows for closed-form solutions, which would
not be available for other objective functions [17].
Policymakers may wish to add additional constraints, such
as an equity constraint where each group receives some
fraction of the available budget [67]. With a different objective function or constraints, numerical optimization could be
performed. Many political, social, and ethical factors are
relevant to HIV resource allocation [10, 25, 68] and these
may not be captured by a single metric.
Our study provides insights into the important question of resource allocation for optimal scale up of HIV
programs, and offers a useful approach for decision
makers allocating resources between HIV prevention
and treatment. In conjunction with UNAIDS, we are
developing a more detailed resource allocation model,
designed for practical use by decision makers [69].
Better decisions about allocating limited HIV resources,
based on local data, can improve epidemic control and
increase access to HIV prevention and treatment services for millions of people worldwide.
Acknowledgments This work was supported by Grant Number
R01-DA15612 from the National Institute on Drug Abuse. Sabina
Alistar was supported by a Stanford Graduate Fellowship.

Appendix
Proof of full budget spending The Lagrangian for the optimization problem in (7) is:
Lðx1 ; x2 ; 1 Þ ¼

1 bðx1 Þn ðx2 Þþbðx1 Þd2
½nðx2 Þþd1 d2

þ 1 ðx1 þ x2  C Þ  1 1 x1  1 2 x2 :

ðA1Þ
The following Karush-Kuhn-Tucker conditions must
hold at optimality:
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dL
b 0 ðx1 Þ½gn ðx2 Þ þ d2 
¼
þ1 11 ¼0
dx1
½n ðx2 Þ þ d1 d2
dL
b ðx1 Þn 0 ðx2 Þ½gd1  d2 
¼
þ1 12 ¼0
dx2
½ n ð x 2 Þ þ d1  2 d2

ðA2Þ

Proof of proposition 2 The proof follows from the ArrowEnthoven sufficient conditions for optimality with quasiconvex objective functions [70].

ðA3Þ

Proof of proposition 3 We compare the marginal rate of


dR0
0
substitution (MRS) for prevention dR
dx1 and treatment dx2 .

1 ð x1 þ x2  C Þ ¼ 0

ðA4Þ

1 x1 ¼ 0

ðA5Þ

1 x2 ¼ 0

ðA6Þ

x1 þ x2  C  0

ðA7Þ

As long as they are different, in order to find the optimal
investment we will continue to shift the investment towards
the program with the lower MRS, until we reach the budget


limit C. At the optimal solution x*1 ; x*2 , either the two MRS are

dR0
0
equal dR
dx1 ¼ dx2 so we are indifferent between the two programs, or we have already invested all the available budget in
the most favorable intervention.
Case 1: Since we are minimizing, we invest only in prevention if
dR0
hdx1

1; 11 ; 12  0

ðA8Þ

We have

f ðxÞ ¼ gbðxÞn ðxÞ þ b ðxÞnðxÞ < 0

convex and thus quasi-convex, then the composite function h(g(x)) is quasi-convex. Therefore, R0 (x1,x2) is
quasi-convex.

½gd1 d2 

ðA9Þ

2

½n ðx2 Þþd1  d2

b ðx1 Þ because β(x1) is decreasing,

Case 2: We invest only in treatment if g < dd21 and
dR0
hdx1

>

dR0
dx
i2

d
dx1 b ðx1 Þ

h

½gn ðx2 Þþd2 

b ð x1 Þ

i
d
dx2 n ðx2 Þ

½gd1 d2 

>
½nðx2 Þþd1 d2
½n ðx2 Þþd1 2 d2
d
b
ð
x
Þ
n
ð
x
Þ
½
gd
d
1
2
1
2
dx
d
2
dx1 b ðx1 Þ > ½nðx2 Þþd1 ½gn ðx2 Þþd2 

because g >0, β(x)>0, β′(x)<0, β″ (x)>0, n(x)>0, n ′(x)<0,
n″(x)=0. Thus, f(x) is decreasing and convex.
Let g (x)=f(x)+β(x)d2. Then

because d2 >0, f ′ (x)<0, f″ (x)>0, β′ (x)<0, β″ (x)>0. Thus,
g(x) is also decreasing and convex.
y
Let hðyÞ ¼ nðxÞ
, which is increasing in y. If g(x) is

i
d
dx2 n ðx2 Þ

b ðx1 Þ dxd2 n ðx2 Þ½gd1  d2 
d
:
b ð x1 Þ <
dx1
½n ðx2 Þ þ d1 ½gn ðx2 Þ þ d2 

f 00 ðxÞ ¼ gbðxÞn 00 ðxÞ þ 2b0 ðxÞn 0 ðxÞ þ b00 ðxÞnðxÞ > 0

g0 ðxÞ ¼ f 0 ðxÞ þ d2 b0 ðxÞ < 0
g 00 ðxÞ ¼ f 00 ðxÞ þ d2 b00 ðxÞ > 0

d
dx1

<

b ð x1 Þ

and dxd2 n ðx2 Þ > 0 because n(x2) is increasing.
Also, gn (x2)+d2 >0 and n (x2)+d1 >0 because n
(x2)>0 and g, d1, and d2 are positive constants. In
order for (44) to always hold, gd1 −d2 >0, or equivalently, g > dd21 . If gd1 −d2 <0, or equivalently, g < dd21 ,
then the condition that must hold at x1 =C, x2 =0 is

2
. Let f(x)=gβ (x) n (x).
x2 =C−x1. R0 ðxÞ ¼ gbðxÞnðxÞþbðxÞd
½nðxÞþd1 d2

0

h

½gn ðx2 Þþd2 

½nðx2 Þþd1 d2

Proof of proposition 1 If n (x2) is increasing and linear in x2,
then equivalently, n (x1) is decreasing and linear in x1. Thus,
we can rewrite R0 in terms of one variable, x, assuming

0

dR0
dx
i2

d
dx1 b ðx1 Þ

If β(x1) is monotonically decreasing, then β′ (x1)<0 for all
x1. We know that l1 ≥0. By Eq. (A2), l>0, which implies that
x1 +x2 −C=0. Similarly, if n (x2) is monotonically increasing,
then n ′ (x2)>0 for all x2, and g < dd21 is equivalent to gd1 −d2 <0.
We know that l2 ≥0. By Eq. (A3), l>0, which implies that x1 +


x2 −C=0. Hence, the optimal investment x*1 ; x*2 will utilize the
entire budget, C.

0

<

ðA10Þ

which must hold at x1 =0, x2 =C.
Proof of proposition 4 We have shown that at optimal points
the entire budget C is used, hence if x*1 ¼ x* then x*2 ¼ C  x*.
dR0
hdx1

¼

dR0
dx
i2

d
dx1 b ðx1 Þ

½gn ðx2 Þþd2 

h
b ð x1 Þ

i
d
dx2 n ðx2 Þ

½gd1 d2 

¼
½nðx2 Þþd1 d2
½n ðx2 Þþd1 2 d2
d
b
ð
x
Þ
n
ð
x
Þ
½
gd
d
1
2
1
2
dx
d
2
dx1 b ðx1 Þ ¼ ½nðx2 Þþd1 ½gn ðx2 Þþd2 

ðA11Þ
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For optimality, this condition must hold at x*1 ¼ x* ;
x*2 ¼ C  x* , which yields the condition described in the
proposition statement.

and it is optimal to allocate more to prevention because
the treatment production function n (x2) has diminishing
returns (x*1 ¼ 0:8488; x*2 ¼ 0:1512). In Fig. 3d, g < dd21 and

Proof of corollary 1 Suppose g = 0 (that is, treatment
completely eliminates the chance of disease transmission),
which most optimistically favors treatment over prevention.
By the previous proposition, we should invest only in treatment if at (x1 =0, x2 =C):

it is easy to verify that

d

dR0
hdx1

>

dR0
dx
i2

d
dx1 b ðx1 Þ

h

½gnðx2 Þþd2 

½n ðx2 Þþd1 d2
d
dx1

b ð x1 Þ > 

d
dx2

b ðx1 Þ

>

½gd1 d2 

because g =0. If n (x )=kx , then at the point (x =0, x =C):
d
dx1
d
dx1

it is optimal to invest only in treatment (x*1 ¼ 0; x*2 ¼ 1).
Proof of proposition 5 The Lagrangian for the redefined
problem is:

ðA14Þ

þ1 Ci þ Cj  C þ 1 i ðxi  Ci Þ þ 1 j xj  Cj :

½n ðx2 Þþd1 2 d2
n ðx2 Þ nðx21Þþd1 b ðx1 Þ

2

nðCÞ½gd1 d2 

dx2
bð0Þ > ½nðCÞþd
. Thus,
1 ½gnðCÞþd2 



i Þn i ðxi Þþb i ðCi xi Þdi2
L xi ; Ci ; xj ; Cj ; 1 ¼ ai g i bi ðCi x
½ni ðxi Þþdi1 di2
aj g j b j ðCj xj Þnj ðxj Þþb j ðCj xj Þdj2
þ
½nj ðxjÞþdj1 dj2




i
d
dx2 n ðx2 Þ

d
dx1

2

1

The following Karush-Kuhn-Tucker conditions must
hold at optimality:

2

¼

dL
dxi

b ðx1 Þ > k kx21þd1 bð0Þ
bð0Þ >  1 d1 bð0Þ
Cþ k

0

ai b i ðCi xi Þ½g i n i ðxi Þþdi2 
½n i ðxi Þþdi1 di2

þ b i ðC i  x i Þ

0

ai n i ðxi Þ½g i di1 di2 
½n i ðxi Þþdi1 2 di2

ðA12Þ

þ1i ¼0

ðA15Þ
¼

0

aj bj ðCj xj Þ½g j n j ðxj Þþdj2 


 aj n0j ðxj Þ½g j dj1 dj2 
þ b j Cj  xj
þ1j ¼0
2
½nj ðxj Þþdj1  dj2

Equation (A12) defines the condition when it is optimal
to spend only on treatment. Therefore, it is optimal to spend
some amount on prevention (x*1 > 0; x*2  0) if:

dL
dxj

d
bð0Þ
bð0Þ < 
dx1
C þ dk1

dL
ai b i ðCi  xi Þ½g i n i ðxi Þ þ d12 
¼
þ1 1i ¼0
dCi
½n i ðxi Þ þ di1 d12

ðA17Þ


 
0
aj b j Cj  xj g j n j xj þ dj2
dL
 
¼
þ1 1 j ¼0
dCj
n j xj þ dj1 dj2

ðA18Þ

ðA16Þ
0

ðA13Þ

Proof of corollary 2 By the envelope theorem, if the optimal
investment at g =0 includes some prevention, then as treatment becomes less effective at reducing infectivity (b
g > 0),
the optimal solution must not increase investment in treatment. Mathematically, as g increases,

½nj ðxj Þþdj1 dj2

dR0
dx2

0

½gd1 d2 
¼ v½nððxx2 ÞÞþd
in2 d
2

1

2

creases, so R0 will increase as x2 increases. Therefore, it
cannot be optimal to have bx*2 > x*2 .
Illustrative numerical examples of optimal allocation for different production functions and a single population Figure 3
shows numerical examples of R0 for different production
functions. These examples assume d1 =1/10 (average life
expectancy of an infected individual is 10 years), d2 =1/25
(average life expectancy of a treated individual is 25 years).
The budget, C=1, is entirely spent and the optimal allocation between prevention (x*1 ) and treatment (x*2 ) is given. In
Fig. 3a, g > dd21 , and the reduction in infectivity due to
treatment is too low to invest any amount in treatment
( x*1 ¼ 1; x*2 ¼ 0 ). In Fig. 3b, g < dd21 and dxd1 bð0Þ ¼ 1 ,
and it is optimal to invest some amount in prevention
(x*1 ¼ 0:6821; x*2 ¼ 0:3179). In Fig. 3c, g and dxd1 bð0Þ ¼ 1,





1 Ci þ Cj  C ¼ 0

ðA19Þ

1 i ðxi  Ci Þ ¼ 0

ðA20Þ





1 j xj  Cj ¼ 0

ðA21Þ

Ci þ Cj  C  0

ðA22Þ

xi  Ci  0

ðA23Þ

xj  Cj  0

ðA24Þ

1 ; 1 i; 1 j  0

ðA25Þ

Resource allocation for HIV control

Condition 1: If βi (Ci −xi) is monotonically decreasing,
0
then bi ðCi  xi Þ for all xi. By Eq. (A17),
l−li >0, thus l>li. But li ≥0, hence l>0,
which from Eq. (A19) implies Ci +Cj −C=0.
Similarly, if βj (Cj − xj) is monotonically

0
decreasing, then b j Cj  xj for all xj. By
(A18), l−lj >0, which implies that Ci +Cj −
C=0. If n (x2) is monotonically increasing,
then n′ (x2)>0 for all x2, and g is equivalent
to gd1 −d2 <0. By (A3), l>0, which implies
that x1 +x2 −C=0. Hence, the optimal invest

ment x*1 ; x*2 will utilize the entire budget, C.
Condition 2: From (A15) and (A17), 1 ¼ b i ðCi  xi Þ 
0

ai n i ðxi Þðg i di1 di2 Þ
½n i ðxi Þþdi1 2 di2

d

Derivation of R0 for one population For the given system,
(1) – (4), we have:
z ¼ ½I; T ; S 
AðzÞ ¼ bðI þ gT Þ NS ; 0; 0
ℑ ðzÞ ¼ nI þ d1 I; nI þ d2 T ; bN þ bðI þ gT Þ NS þ bS
The infected compartments are I and T, so the number of
infected compartments is m=2. Defining F and V as above,
we obtain the following expression for the next generation
matrix FV−1:

FV 1 ¼

bg
n þ d1
;V ¼
0
n
gbnþbd2
ðnþd1 Þd2

0

gb
d2

Ni ¼ Si þ Ii þ Ti

ðA29Þ

dSj
dt


 
¼ bj Nj  b jj Ij þ g j b jj Tj þ 1=rbij Ii þ 1=rg i bij Ti Sj Nj  bj Sj

ðA30Þ

dIj
dt



 
¼ bjj Ij þ g j bjj Ti þ 1=rb ij Ii þ 1 r  g i bij Ti Sj Nj  n j Ij  dj1 Ij

ðA31Þ

dTj
¼ nj Ij  dj2 Tj
dt

ðA32Þ

Nj ¼ Sj þ Ij þ Tj

ðA33Þ

Let z be the vector representing the number of individuals in
each compartment, Ak(z) the rate of appearance of new infections in compartment zk, and ℑk(z) the rate of change in
compartment zk by all other means. For the given system:
z ¼ Ii ; Ti ; Ij ; Tj ; Si ; Sj

AðzÞ ¼ bii Ii þ g i bii Ti þ rb ji Ij þ rg j bji Tj Si =Ni ; 0;
ðA34Þ


0
d2

 
bjj Ij þ g j b jj Tj þ 1=rb ij Ii þ 1=rg i b ij Ti Sj Nj ; 0; 0; 0
ðA35Þ

0

2
The eigenvalues are R0 ¼ ðgbnþbd
nþd1 Þd2 and 0.

=ðzÞ ¼ n i Ii þ di1 Ii ; ni Ii þ di2 Ti ; nj Ij þ dj1 Ij ; n j Ij þ dj2 Tj ;

Derivation of R0 for two interacting populations case We
rewrite the differential equations for the two interacting
populations, (16)–(23), to include the parameter r=Ni/Nj:
dSi
dt

ðA28Þ

0

n j (xj) is monotonically increasing and g j < dj2j1 ,
0 
then n j xj > 0 and g idi1 −di2 <0, then l>0,
which from (A19) implies Ci +Cj −C=0.

b
0

dTi
¼ ni Ii  di2 Ti
dt

. If n i (xi) is monotonically

di2
increasing and g i < di
, then n i ðxi Þ > 0 and
1
g idi1 −di2 <0, hence l>0, which from (A19) implies Ci +Cj −C=0. Similarly, from (A16) and

 aj n0j ðxj Þðg j dj1 dj2 Þ
(A18), 1 ¼ bj Cj  xj
. If
2
½nj ðxj Þþdj1  dj2

F¼


dIi 
¼ b ii Ii þ g i bii Ti þ rb ji Ij þ rg j b ji Tj Si =Ni  n i Ii  di1 Ii
dt
ðA27Þ



¼ bi Ni  b ii Ii þ g i b ii Ti þ rbji Ij þ rg j bji Tj Si =Ni  bi Si
ðA26Þ



bi Ni þ b ii Ii þ g i b ii Ti þ rb ji Ij þ rg j b ji Tj Si =Ni þ bi Si ;


bj Nj þ bjj Ij þ g j b jj Tj þ 1=rb ij Ii


þ1 r  g i b ij Ti ÞSj Nj þ bj Sj 

ðA36Þ
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The infected compartments are Ii, Ti, Ij, and Tj, so the
number of infected compartments is m=4. Defining F and V
as below, we obtain the following expression for the next
generation matrix FV−1:
h
i
h
i
@=k
k
ð
z
Þ
;
V
¼
ð
z
Þ
F ¼ @A
0
0 ; with1  k; l  m
@zl
@zl
2

bi
60
F¼6
4 bj
0

g i b ii
0
g j b jj
0

2

n i þ di1
6 n i
6
V ¼4
0
0
2
FV

1

rb ji
0
1 r  bij
0
0
d12
0
0

b ii ðdi2 þg i n i Þ
di2 ðn i þdi1 Þ

6
6
0
¼6
6 bjj ðdi2 þg j ni Þ
4 di2 ðni þdi1 Þ
0

3
rg j bji
7
7;
 0
1 r  g i b ij 5
0

0
0
n j þ dj1
n j

g i b ii
di2

0

ðA37Þ

3
0
0 7
7
0 5
dj2

b ji rðdj2 þg j n Þ
dj2 ðn j þdj1 Þ

0

g j b jj
di2

b ij ðdj2 þg i nj Þ

0

0

dj2 rðn j þdj1 Þ

rg j b ji
dj2

3

7
0 7
7
b ij g i 7
5
rdj2

ðA38Þ

0

−1

The (k, l) entry of FV gives the expected number of
new infections caused in compartment k by an infected
individual in compartment l. R0 is defined as the spectral
radius of FV−1 and is as given in Eq. (25).
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