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Appendix A: Analytical Details and Proofs of Propositions

A.1. SI x Sl Model Basic Reproduction Number

We first compute the new infections matrix, F, and the transfer matrix, V), according to the formula:

o(dIy/dt) 9(dIy/dt) O(dIy/dt)
oI Iy 8]3
_ o(dIy/dt) 9(dIy/dt) O(dI/dt)
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O(dIs/dt) (dls/dt) O(dl3/dt)
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To calculate F and V, we only consider equations (2-4), which correspond to the infected groups

(I1,15,I3) capable of transmitting at least one disease. The non-negative matrix, F, corresponding

to new infections in the population is:

ul
F= 0", (A.2)

w?

where
_ BS(Uh+I3) | BS  T(a+I3) | TIi(I2+13)
N2 + Nt N2
_ S(Iy+1 Iy (Io+1 I
u= _,3(]\}2 3)+Tl(1\722 3)_TN_1 ’

BS(I1+13) BS 711 (Io+13) 71
BN A i s o

1



2 Long, Vaidya, and Brandeau: Infectious Disease Co-epidemics
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and where 7 represents the transpose of the corresponding vector.

The new infections matrix, F, evaluated at the disease-free equlibrium, Fj, is:

pog
F=|07171]. (A.3)
000

The non-singular matrix, )V, corresponding to the transfer of individuals into and out of com-

partments, is:
pt+pr 0 0
V= 0 p+pe 0 . (A4)
0 0 ptpn+pe

We then evaluate FV~! at the disease-free equilibrium:

el g
. ptp1 u+u1 +p2 A
FVo = 0 u+u2 u+u1 +p2 ( '5)

0 0 0

Finally, we obtain the basic reproduction number, $y, as the dominant eigenvalue of the matrix

Fy—L

Ro = p(FV)
= max{R,, N7} (A.6)
where
w7
Mt p )

A.2. Sl x Sl Model Equilibria Analysis
A.2.1. Disease-Free Equilibrium (DFE)
Proof of Proposition 2. (Global Stability of DFE in SI x SI Model)
Let L= (p/2)(S—A/p)? + A(I, + I, + I3) be a Lyapunov function. L is continuous, with L > 0 for
all points other than the disease-free equilibrium Fj, and L =0 only at Ej.

dL A\ dS . dl,  dl,  ds
E—“<S )dt M A A
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by using the hypothesis (7). Therefore, dL/dt < 0 everywhere except at Ey, where dL/dt = 0. This
implies that the disease-free equilibrium Fj is globally asymptotically stable. [J

A.2.2. Quasi-Disease-Free Equilibria (QDFE)
First QDFE. By setting the system of equations (1-4) equal to 0 and substituting I, = I3 =0,

we find the critical points of the system:

S
A_ﬂjlﬁ_:u/szov

S
(ﬂﬁ—ﬂ—lh) I =0. (A7)
Equation (A.7) gives I; =0 (corresponding to the DFE) or
S
5N—M—M1:0- (A.8)

Solving equations (A.7), (A.8) and using N =S+ I;, we calculate the first QDFE to be:

A AR 1) )
El — 9 7070 . A9
(ﬂ—ﬂl B— (A.9)

E; exists if R > 1.
We calculate the local stability of the first QDFE, F,, using the following method. We calculate
the Jacobian, J, of the system (1-4) which is a matrix of partial derivatives with respect to the

variables S, I, I, Is. We then evaluate the Jacobian at F;.

J= [AQXQ B?XQ] , (A.10)
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where 0545 is zero matrix of order 2 x 2 and block matrices Asyso, Bayo and Cyy o are:

_ 8L 4 BShL _BS | BSh
2 ,LL + 2
A= |: %11 %511 Bs évsh N :|’
N N2 N N2 T HT M
T BSIy (t+8)S BSIy
B = [_W"_ N2 TN + N2 ]
_rh _ p5h BS _wh _ pSh >
N N2 N N N2
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B ]\7) 1 TNl — i1 — fa

Using equation (A.8), matrix A reduces to:

I SI S ST
A:{—%%—;—u —%NN;}

Since the lower left block is a zero matrix, the eigenvalues of J can be found by calculating the
eigenvalues of the block matrices A and C. For R} > 1, which is required for existence of F;, the
trace of A is negative and the determinant of A is positive, so all eigenvalues of A are negative.
Moreover, the trace of C' is negative and the determinant of C' is positive, so all eigenvalues of C'

are negative under the following condition:

M1
+ p1 + >T7|1+ . A1l
SR Ro(8 — p1 + pa) ( )

Proof of Proposition 3. (Local Stability of First QDFE in SI x SI Model)
We begin by showing trace(A) <0 and det(A) > 0.

trace(A) = —% —n<0.

gL, BShH BSLL B8S  pBSI Bl BShL
det(4) = <_W+ N2 _“> (_ N2 >_<_W+ N21>(N E )
SI s
- 5N21 [”Jr _%]

BS1 1
— 1— —
v o (-w)

> 0. [ Ry >1]

Therefore all eigenvalues of A are negative.

We now determine the condition under which trace(C) <0 and det(C') > 0.

61, 18 Tl

trace(C) = —W+W—u—uz+ﬁ—u—u1—uz
I
:T_%_M_Mz—ﬂ—ﬂl—/@ [-S+ 1 =N]

<0,
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if
I
T — (—ﬁNl +u+u2> < p o, (A.12)

which follows from det(C) > 0.

s (B3 ) () () (457

_ B Tl B e B
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which is equivalent to

H1
e > T |1+ : A.13
SRR [ ﬁé(ﬂ—uﬁﬂz)} (8.13)
where we used

S _ptm

N I

L _B-p—m

N 8 '

It is easy to verify that (A.13) implies (A.12).
Therefore, all eigenvalues of C' are negative, provided that (9) holds. Thus, the first quasi-disease-

free equilibrium, FEj, is locally asymptotically stable. O

Proof of Proposition 4. (Local Stability of Second QDFE in SI x SI Model)

The proof of Proposition 4 is similar to Proposition 3, because of symmetry. [J
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A.3. SIl x SEIl Model Equilibria Analysis
A.3.1. Disease-Free Equilibrium (DFE)
Proof of Proposition 5. (Global Stability of DFE in SII x SEI Model)
Let L= (u/2)(Xss— A/ 1) + A(Xsr +Xsr+ X1s+Xrr +Xrr+ Xas+ Xar+ Xar) be a Lyapunov
function. L is continuous, with L > 0 for all points other than the disease-free equilibrium FEy, and

L =0 only at E.

dL A\ dXgg dXs;, dXgr dX;s dX;p dXipr dXas dXap dXar
o _ A
dt “(Ss u) dt+<dt+dt+dt+dt+dt+dt+dt+dt
A X X
=pu (Xss— ;) l:A_ﬂl(XIS'i‘XIL +XIT)% _ﬂA(XAS‘i‘XAL'i‘XAT)%
Xss
_T(XST+XIT+XAT)—N —uXss
Xsg Xsg Xsg
+AﬂI(XIS+XIL+XIT)T+AﬁA(XAS+XAL+XAT)T+AT(XST+XIT+XAT)T

—AuXsp — Ap+ pr) Xsr — AuXis — ApXir — A+ pr) Xor

—A(p+pa)Xas —A(p+pa)Xar — A+ pa+ pr) X ar

AN’ Xis Xis
= —p? (Xss—;> — Bri(Xrs + X+ Xir) N — Ba(Xas+ Xar +Xar) N

2

X
_TM(XST+XIT+XAT) ]\S}S +‘I),

where

D = 208, (X5 X+ Xr) S5 4 2080 (X Xoas 4 Xoar) S5 4207 (Xip + Ky Xr) o

—AuXsp — Ap~+pr) Xsr — AuXis — ApXp — A+ pr) Xir
—A(p+pa)Xas — A(p+pa) Xar — Ap+ pa+ pr) Xar

S 2AB1(Xps + Xip 4+ Xip) +2A84(Xas + Xap + Xar) + 2A7(Xgr + Xip + Xar)
—ApXgp — Ap A+ pr) Xor — ApXps — ApXpp — A(p+ pr) Xor
—A(pp+pa)Xas — A(p+pa) Xap — Ap+ pa+ pr) Xar

= —ApuXsp + [2A7 — A(p+ pr)] Xsr
+ 2081 — Ap) Xis + [2A8r — Ap] Xpp + [2A(8r + 7) — AMp+ pr)] Xor
+ 2884 — A+ pa)] Xas + 2084 — AMp+ pa)] Xar + [2M(Ba+7) — A+ pa + pir)] Xar

~1] Xer

27
= —ApuXsp +A(p+pr) [
Ht pr
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2 2 2
+Au [ﬁ —1] Xis+Ap [ﬂ - 1} Xin+ A+ pr) [M —1] Xrr
M o M+ por
204
+A(p+ -1 X
(14 pa) [MJFMA ] AS
25A :| |: 2(ﬂA+T) :|
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< 0,
provided that
1 1 1 1 1

ptpr 20 o 2 ptpr 2 pdpa 20 ptpatpr 2
We note that

implies
T 1
ptpr 2
These inequalities are equivalent to the hypothesis (24). Therefore, dL/dt < 0 everywhere except

< —.

at Ey, where dL/dt = 0. This implies that the disease-free equilibrium Ej is globally asymptotically
stable. [

Appendix B: Sl x Sl Model with Recovery

We extend the basic SI x SI model to include recovery from disease. In this case, recovery means
that an individual is completely cured of a disease and can no longer infect others. We assume
that individuals infected with disease 1 recover at rate p;, and individuals infected with disease
2 recover at rate p,. We assume that once an individual recovers from a particular disease, he
becomes susceptible to that disease again. The SI x SI model with complete recovery does not

apply to incurable diseases, such as HIV. Mathematically, we write this model as:

dsS S S

% = A+p1-[1+p212_5(11+13)N_T(-[2+-[3)N_N57 (Bl)
dl S I

— = B+ L)+ pals = 7o I) 5 = (pa o+ ot ) o, (B.2)
dl S I

d—; = T(12+I3)N +p1ls — B(L +IB)N2 — (p2+p+p2)ls, (B.3)
%—5(I+I)é+ (I+I)£—( + pa + p iy + o) 1 (B.4)
a 13N7'2 SN P1T P2 T KT T H2)l3, .

Where N:S+11+IQ+13
We now calculate the basic reproduction number and derive the conditions under which the DFE

and QDFE are stable. We distinguish the SI x SI model with recovery by using * notation.
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B.1. Basic Reproduction Number

The basic reproduction number, $;, of the SI x SI model with recovery is
R = max{Ny*, N2}, (B.5)

where
1*: 5 2*: T
C it Y et pt e

Note that the terms R* and R2* are similar to Rj and R3 in the SI x SI model with no recovery, but
with the additional recovery term p; or p, in the denominator. Once again, R}* and R3* coincide
with the basic reproduction numbers for the two single-disease models with recovery.

B.2. Sl x SI Model with Recovery Equilibria Analysis

B.2.1. Disease-Free Equilibrium (DFE) The disease-free equilibrium for equations (B.1-B.4)

is the same as that for the system given by equations (1-4):

A
Ep:(;4xao>. (B.6)

ProPOSITION B1. (Local Stability of DFE in SI x SI Model with Recovery)

The disease-free equilibrium Ef is locally asymptotically stable if 5 < 1.
PROPOSITION B2. (Global Stability of DFE in SI x SI Model with Recovery)
Consider the domain Q = {(S,1,,15,13) :0< S < S, 1, > 0,1, > 0,13 > 0} and suppose

S—A)(& S—A)(£ 1
max{ﬂ—i_(u )(QA)7T+(M )(QA)7 o }< 5 (B.7)
p1+ e+ iy prtptpo At 2

where S is the largest value of S such that (B.7) holds. Then the disease-free equilibrium E is

globally asymptotically stable over the domain 2.

Proof of Proposition B2. (Global Stability of DFE in SI x SI Model with Recovery)
Let L= (p/2)(S—A/p)? + A(I, + I, + I3) be a Lyapunov function. L is continuous, with L > 0 for
all points other than the disease-free equilibrium Ej, and L =0 only at Ej.

dL A\ dS  dI,  dl,  dly
P (ST R W S N Y W
dt “( M) T TR T

A S S
S S
+AB(L +I3)N + AT (1, +I3)ﬁ —A(pr+p+pa) Iy — Az + p+ po) I — Mg+ o + p2) I3
2

A 52 S?
— —/_1,2 <S_ﬁ _ﬁM(Il+I3)N_TM(IQ+I3)N+¢7
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where

® = 2A8(1, +Ig)% +2A7(1, +13)% + (S — MNpi I + (S — A po I
—A(p1 +p+pa) I — Apa + p+ pa) Lo — A(p+ pin + p) I3
< MBIy + Is) 4+ 207 (I, + Is) + (uS — M pr I + (1S — A) po I
—A(pr+ pt pa) I = Mp2 + ot po) I — A+ pn + p2) I3
= 208+ (uS — N)p1 — Apr + p+ )] 11
+[2A7 + (uS = N)pa — Apa + 1+ p12)] I

+2A(B+7) = Ap+ pa + p2)] I
28+ (uS - M) (F) 1] 7
- 1

p1t At

27+ (4 — A)(%)

P2+ A o

2(8+7) _1] I

Moty e

ZA(/J1+H+H1)[

+A(p2 + 1+ p2) [ - 1} I

+A (A pr + o) [

<0,

by using the hypothesis (B.7). Therefore, dL/dt < 0 everywhere except at Ej, where dL/dt = 0.

This implies that the disease-free equilibrium Ej is globally asymptotically stable. [

In Proposition B2, S represents an upper limit on the size of the susceptible population, S.

B.2.2. Quasi-Disease-Free Equilibria (QDFE)

First QDFE. The first quasi-disease-free equilibrium for the system given by (B.1-B.4) is:

. ( A AR —1)
PR+ (R — 1) pRE + (R

0,0 ). B.8
—50.0) (B3)
E; exists if Rg* > 1.

PROPOSITION B3. (Local Stability of First QDFE in SI x SI Model with Recovery)

The first QDFE E}, which exists if Ry* > 1, is locally asymptotically stable provided that

M
R (B — p1+p2— p1 + pi2)
_'_Pl(T‘f‘ﬂ—Pl—M_Ml)
B —p1+pa— pr1 + 2

pr+petptpnt+pe >7 (14
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Proof of Proposition B3. (Local Stability of First QDFE)

The proof of Proposition B3 is similar to Proposition 3. [

Second QDFE. The second quasi-disease-free equilibrium for the system given by (B.1-B.4)

A AR 1) )
Bl = 0, 0). B.10
= (T T (B.10)

is:

E; exists if R2* > 1.

PROPOSITION B4. (Local stability of Second QDFE in SI x SI Model with Recovery)
The second QDFE Ej, which exists if R2* > 1, is locally asymptotically stable provided that

He
F ot pn e > B+ ]
P1T P2 [T [y T 2 [ R2* (T + p1 — pa+ i1 — piz)

+p2(7—+ﬂ_p2_ﬂ_ﬂ2). (B.11)
T+ p1— P2+t 1 — f2

Proof of Proposition B4. (Local Stability of Second QDFE)

The proof of Proposition B4 is similar to Proposition B3, because of symmetry. [J



